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1 Introduction. 



In this paper, we investigate the inhomogeneous Cauchy-Riemann equation 



du = g 



when g has compact support and belongs to some U space. The question is if it is possible to find 
a solution u with the same properties, namely, compactly supported and in U . 
The U solvability of the Cauchy-Riemann equation has been discussed by Kerzman for smoothly 
bounded strongly pseudoconvex domains (see [H] and [ID]), by Fornaess and Sibony in C with 
weights and in Runge domains in C 2 (see [6J). Other works on the subject are [12], [8], [5], [11], [3j, 
PQ and H5]. 

The problem of controlling the support of the solution is also widely discussed. In one complex 
variable, the existence of a compactly supported solution in C is related to the vanishing of some 
integrals, resemblant of the moment conditions which appear in CR geometry: 



If these integrals vanish for every k G N, then there exists a function u such that du/dz = g and 
suppu d {\z\ < R} for some R. 

It is not hard to generalize this result to domains like punctured discs, as we do in Lemma 13.21 
In higher dimension, it is well known that the existence of a compactly supported solution depends 
on the vanishing of the cohomology with compact supports; H^ ,q (Q) vanishes, for Q C C n Stein, if 
q < n. For smooth forms, the existence of a solution compactly supported in a sublevel of some 
strictly plurisubharmonic exhausting function has also been studied widely, beginning from the 
work of Andreotti and Grauert Q3j). 

Some attempts at controlling the support of the solution were made by Landucci, in the case of 
smoothly bounded strictly pseudoconvex domains (see [13j and [H]). 

We tackle the problem for a very special class of domains, which generalize the punctured disc: we 
consider the Stein open domain obtained by removing a compex hypersurface from a polydisc D n . 
Given / G 0(B) n ) with Z = {/ = 0}, we consider the domain D n \ Z: the particular structure of 
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these open sets allows us to give a constructive proof of our results. We will state our results in 
terms of (0, q)— forms, the extension to the (p, q)— forms being obvious. 
First of all, for (0, 1)— forms, we have the following. 

Proposition 13.51 Let Q C C n be a Stein domain and u a (0, l)—form with coefficients in L r c (Q) 
such that duo = 0. Then there exists a unique f G L r c (Q) such that df = u, with \\f\\ r < C\\u\\ r , 
where C depends only on Q. 

This result leaves the question open for q > 1. 
Let w be a generic (0, q)— form and let us write 

u= uJjdzj . 

\J\=n—q 

We are going to work with the forms satisfying the following condition 

(*) d jn _ q ---d jk ujeL r (C n ) k = l,...,n-q, y\J\=n-q. 

In Theorems 16. 2\ 17^41 and IHTLj we show that, given u a (0, q)— form compactly supported in C ra , with 
duj = 0, with U coefficients and satisfying (*), we can find a (0, q — 1)— form (3 G L£(C n ) such that 
dp = w. 

This result in C n easily gives the corollary 

Corollary 18.41 Let u be a (0, q)—form with compact support in J} n \Z and satisfying conditions (*), 
then, for any k G N, we can find a (0, q — l)—form (5 G L r c (D n ) such that d(f k (3) = u. Equivalently, 
we can find a (0, g— l)—form r\ = f h (3 such that t] G L r c (3 n ), r] is on Z up to order k and drj = u. 

Moreover, in the case of (0,n)— forms, our construction allows us to obtain a slightly better result. 

Theorem 14.81 Let f G 0(D n ) be a holomorphic function in a neighbourhood of the closed unit 
polydisc in C n and set Z = / _1 (0). If u is a (0, n)-form in L r c (3 n \ Z), then for every k G N we can 
find a (0, n — l)-form r] G L' r (D n ) such that f~ k r\ G L r (JB> n ) and all the coefficients of rj but at most 
one are in L r c (3 n \ Z); moreover, rj is such that drj = uj. 

The starting point of this work was an incisive question asked by G. Tomassini and the second 
author to the first author. 



2 Notations. 

We denote by D the unit disc in C and by D n its n-fold product, the unit polydisc in C n . The 
projection from C n onto the j— th coordinate will be denoted by tcj . 

The standard Lebesgue measure on C n will be dm n and we will denote by g *k h the partial 
convolution in the k— th variable: 

(g * k h)(z u ■ ■ ■ , z n ) := / g(- ■ ■ ,z fc _i, C, z k+1 , ■ ■ ■ )h(- ■ ■ , z k - (, z k+1 , ■ ■ ■ )dm 1 ((). 

Jc 

If T is a distribution in C n , we set df£ = J^, j = 1, • • • , n. 

Let J = ■■■,jq), j k = 1, ---jn, then we define zj G C n_9 with coordinates in J deleted. For 
instance z k = (• • • , z k -i, z k+l , • • • ) G C n_1 . 
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3 On the Cauchy transform. 

Given (p G P(C n ) a smooth functions with compact support, the functions 



for = 1, ■ ■ • , n, are still smooth and with compact support, contained in ^(supp^). The Cauchy 
transform of ip in the k th variable is 



G h {<p){z) = p* k 



7r(Cfc - Zfc) 



and we know that [2] 



Lemma 3.1. We have, with the above notations, 
d k G k (p)(z) = p(z) V zeC n 

and 

1 



\GM\\ L r < 



vrCi 



x \\<p\ 



So the Cauchy transform extends as a bounded linear operator on ip G L r c {p n ). Moreover Gk{p) 
is holomorphic in z k outside of the support of ip considered as a function of z k , z k being fixed. 

Throughout this note, / will be a given function holomorphic in a neighbourhood of D n and 
Z = Z(f) will denote its zero locus. 

The set of directions for which there is a complex lines with that direction contained in Z is an 
analytic subset of CP n_ of dimension n — 2; therefore we can find n linearly independent complex 
directions not lying in it. So, after a linear change of coordinates, for every 1 < k < n, we can find 
a number N k such that, given n — 1 complex numbers aj, j G {1, ■ ■ • , n}\{k}, with | a,j \< 1, the 
number of solutions of 



Gfc-1> z ki Ofe+1; 







as an equation in z k , is less than N k + 1. 

Because these solutions are those of an analytic function, there is always a parametrization of 
them by measurable functions: it is an easy application of [T8| Theorem 7.34]; let us denote these 
solutions by {ci tk (a), CN k ^ k (a)} where the functions c^ k = Cj tk (a) are measurable from C n_1 to 
C. 

Let (p G L r c {p n \Z) and fix z k G D n_1 ; denote by S v (zk) its support as a function of z k which 
depends on i k . Then, by compactness, there exists numbers 5i, . . . , 5 n such that S v {z k ) has distance 
at least S k from ci )k (a), . . . , CN k ,k{0'), for every a G C n_1 , so there are numbers r^ k = rj )k (z k ) > 5 > 
such that the disc D(cj^ k , Tj )k ) in the z k variable is not in S v (z k ). 
However, these discs could intersect without coinciding; suppose that the discs 

D{Cj 1 ,ki r j\,k)i • • • 5 -^( C ih,fc; r jh,k) 
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form a connected component of the union of all the discs for the variable z k , then we can suppose 
that Tj u k = 8 k for % = 1, . . . , h. If the discs 

D{c juk , 5 k /3N k ),...,D(c jhjk , 5 k /3N k ) 

are disjoint, then we are done, otherwise, let us consider a connected component of their union and 
let us suppose, wlog, that it coincides with the union. Obviously, the diameter of such a connected 
component is less that 8 k , therefore a disc centered in one of the centers with radius 5 k will enclose 
the whole connected componente and, by the definition of 5 k will still be in the complement of S^. 
Therefore, we can set all the centers equals to one of them (it is not relevant which one) and take 5 k 
as a radius. The functions Cj k will still be measurable. The discs will be then either disjoint or coin- 
ciding and their radii will be bounded from below by 5 k /3N k ; we set 5 = mm{5i/3Ni, . . . , 5 n /3N n }. 

As we already said, tp* k = G k (tp) is holomorphic for z k ^ D and for z k G D(cj^ k , r j,k)- 

This will be precised in the next section with the help of the following definitions. 
Let cpe L r c (W), we define 

Mfc(0 = - / ¥>(••■, Zk-i, Ck, z k +i, ■ ■ ■)(ldmi((k) ; 
^ Jc 

let <p G L r c (W\Z), we define 

We have the following lemma linking this with d equation. 

Lemma 3.2. Let if G L r c (3 n \Z) , then the following are equivalent : 

(i) [cp) k (l) = [(p,j) k {l) = for every I e N and 1 < j < N k 

(ii) G k {ip) e U C {W\Z) (=► d k G k {ip) = if). 

Proof: Without loss of generality, we can set k — 1; we notice that, by Lemma \3.1\ Gi(<p) is in 
Z/(C n ), so (ii) is equivalent to the compactness of its support. Moreover, we remark that Gi(<p) 
has compact support in D n \ Z if and only if for almost every a = (02, ■ ■ ■ , a n 

) G C 71 - 1 the function 

z 1 — y Gi((f )(z, a,2, ■ ■ ■ , a n ) has compact support in 

(D n \ Z) n {z 2 = 02, • • • , z n = a n } = D \ {c!,i(a), . . . , c lj7Vl (a)} . 

On the other hand, [y]i(0 and [ip,j]i(l) vanish if and only if the integrals that define them vanish 
for almost every z 2 , . . . , z n . So, we are reduced to the 1 variable case: let then c\, . . . , be points 
in D C C and <j> G L r c (D \ {c x , . . . , c N }); we set G(z) = G x {ip){z). 

If (ii) holds, for any h G 0(B \ {ci, . . . , c^}) we have 

/ (p(z)h(z)dm 1 (z) = [ ^^h(z)dm l (z) = - [ G(z)^^-dm l (z) =0 

JC Jc VZ ./;■ OZ 

where we have used Stokes' theorem, as G(z) has compact support. The last integral vanishes 
because h is holomorphic. 
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On the other hand, suppose that (i) holds and let K = suppy?. Consider r < 1 such that K d D r = 
{\z\ < r} and take z with \z\ > r; then 

G(z) = ~f v(0-^d mi (z) = -i- / ^(C)E^i(C) 

Z>0 >/K Z>0 

So, = if |z| > r, therefore suppG(,2) (s D. 

Moreover, fix j, 1 < j < N; there exists > such that the closure of D(cj,rj) = {\z — Cj\ < r,} 
does not meet suppy?(,2). So, if \z — Cj\ < rj, we have 

G[Z) = U K V(0 « - c,) - (, - c,) dmM) = 7 X^C^l - (« - c))/(C - c,) dmM) 

^ Z>0 vs jy Z>0 
Therefore, by hypothesis, = if \z — cj\ < r,-, so suppG(,2) iD \ {ci, . . . , cat}. ■ 

Moreover, we have the following relations between the Cauchy transform and the quantities defined 
above. 

Lemma 3.3. // g and h are U functions, compactly supported in D n ; and *i ~ = ^ *i ~ f or 
Z\ B>, then [g]i(k) = [h]i(k) for every k. 

Proof: If z\ £ D, we have 

If 1 If 1 

9*i — = / g((i,zi) ^d"ii(Ci) = — / g(Ci,k)- T-dmi(Ci) = 

^1 Jo Zi - Cl ^i 1 - t- 

21 fe>0 Jn k>0 
A similar expansion holds for h, so that 



h* 1 - = Y'[h] 1 (k)zr k - 1 . 



1 fc>0 



Therefore, given that (g — h) *i — for zi D, we have [(?] i (fc) = for every k. ■ 

Lemma 3.4. If If g and h are 17 functions, compactly supported in 3 n , and there exists j > 1 such 
that 0*1 ± = h*i ± for every z- L G D(c j; i(zi), r j; i(ii)) ; tfien [0, = /or every fc. 

We omit the proof as it can be easily obtained from the previous one. 

Finally, we recall a result about the solution with compact support of the equation df = u when 00 
is a (0, 1)— form with compact support. 



5 



Proposition 3.5. Let Q C C n , n > 2, be a Stein domain and u a (0,1)— form with coefficients 
in L r c (Q) such that duo = 0. Then there exists a unique f G L r c (Q) such that df = u, with 
\\f\\r — C\\u\\ r , where C depends only on Q. 

Proof: For the proof in the case Q = C n , see for instance [15, Chapter III]. For a generic Q C C n , we 
notice that if fx and /2 are two compactly supported (distributional) solutions, then the difference 
f\—f% is d— closed, that is, a holomorphic function, but then fx = Moreover, by [17] . H®' l (p,) = 0, 
so there exists at least one distributional solution to dT = u, compactly supported in Q, on the 
other hand, we know that there is / G L r c (C n ), solving df = u, given, as described in [15J, by 
convolution with the Cauchy kernel. 

Therefore we have T — f and the desired estimate follows. ■ 

4 The coronas construction 

Let cp be a function in L r c (J} n \Z) and consider the Cauchy transform Gi(<p)(z) ; for a.e. zx, Gx{z) 
is holomorphic in z\ in the complement of S(z\). 

Because 7r 1 (supp(^) is compact in D, there exists D(0,r) containing S(zx) ; let 5 = (1 — r)/3 and 
define the corona 

C = {z x G D : r + 5 <\ zx \< r + 25} d D 

and let A = mi (Co). 

In the same way, set Sj(zx) = rj t x(zx)/3 and define 

Cj(zx) = {zx G D : 5j(zx) <\ zx - c jA \< 25 j (z 1 )} (1 D 
and set Aj(zx) = \/m\(Cj{z\)). 

Definition 4.1. The outer corona component of if is the function 

K<p(tp)(z)=Ad O0 {z 1 )z 1 G 1 {<p)(z) 

and the inner coronas components of (p are the functions 

Kf\y){z) = Ajizx^MXzx - Cj ,x)Gx(<p)(z). 



Remark 4.2. The outer and inner coronas components of ip are well defined for a.e. Zx , because 
</?(•, Zx) is in L r (C) and has compact support for a.e. z\. We define exactly the same way the 
quantities Kj k \ip)(z) with respect to the variables Z\~. 

Lemma 4.3. The operators Km , m = 0, • • ■ , Nx, are linear and well defined from L r c (C n ) to 
L r c (C n ). 
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Proof: As noted before, Km (if) is well defined a.e. and it is obviously linear; moreover, it has 
compact support in D by definition. We know that, by Lemma [3.11 ||Gi(</?)|| ir j- c „N < M H^IIl^o) 
hence we have 

II K$-\<p) \\ r < A lUcbGifaOH^ < A oM \\<p\ 



where M :- 



\L r ' 



L 1 (B) 



_x hence 



For j > 1, Aj(2i) = l/mi(Cj(5i)), but m\{Cj(zi) > 5 > uniformly in % G E 
Aj(zi) > < oo, uniformly in ^ G © n n _i. So we get 

II id 1 ^) ||r< WM^Wl^b^) x ||ic GiM|| ir < r x M ||^|| Lr . 

So for fixed Z\ G D n n _i i^m'(^) has compact support in z\ and, because it operates only in z\ 
and ip has compact support in C n , then Km (if) has compact support in C n . ■ 



Remark 4.4. The operator K Q is also bounded from U c to L r c , therefore continuous. The operators 
Km for m > 1 are not. 



The following results link the quantities [</?]i(fc) and [if, c J - ) i]i(A;) with the corresponding ones 
for K^(ip) and Kf\f). 

Lemma 4.5. We have 

k$\<p) (z) = a i Co ( Zi ) Y&UQzr" , 

k>0 

Kf\f){z) = Ajlc^fa) YfrMQfr - ^{h)) k+1 , 

k>0 

the convergence of the series being uniform in Co or Cj . 
Proof: If \z\ | > r + 5 and ((j, Z\) G supp<£>, then 

\Zi\ r + o 

so, in particular, if z\ G Co, then \z\\ > Therefore, if z\ G Co, we have 

If 1 If 1 

G iW = - / <f(Ci,k) irdm 1 {Ci) = / <p((i,zi)- = 

Jc Zl- Cl TT^l JC 1-7" 

fc>o 2l 21 fc>0 

So K^(if) = Aol(7 (^i) Ylk>oi ( P 1 \(^) z ^ k an( i the convergence is obviously uniform on Co- 
On the other hand, if Z\ G Cj(z\) and (Ci,^i) € SUPPV 9 ) then 

ki -Cj,i(ii)| < 2 < x 
Id - Cj,i(5i)| ~ 3 



= -/ 
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so we have that, for z\ G Cj(zi), 



G\{z) = - f — < ^—dm 1 (C) = - I pr-, -—dm^d) 

Jc Z l ~ Cl 7T J c (Z 1 - Cj,x{Zi)) + (Cj tl (Zi) ~ Cl) 

^ r ' -dmi(Ci) = 



7T 



Ci - ^,1(11) i - 



^ JC Cl ~ Cj,l(zi) f-s (Cl - Cj, !<>!)) 



fc>0 v ^ ■'' v 11 k>0 



So A] j (» = A j (z 1 )t Cj {z 1 ){zi)Y Jk >Q[ i Pd]i{k){z 1 - c^ x {zx)) k+1 and the convergence is obviously 



uniform on Cj. 



We set 



m=0 



Proposition 4.6. VFe /iave = [</?]i and [i^^(y), j]i = [ip, 

Proof: We divide the proof in several steps. 
1. [K§\ip)\ x {k) = [<p]i(k) - We calculate 

H(z) = K§\v) *! - = [ A)l C „(^i) * x - = 

i4oX)Mi(*)(lcb(«iK**i-) = >loX)Mi(*) / -^^i(Ci) 

t^; ^i 7~r; ^i - u 



fc>0 fc>0 

If ^ D, we know that 



so 



'Co 2 1 - Cl 



k>0 k>0 

Then we have that, if z\ $ D, 

if(z) = Gi(*) 

so, by Lemma [3T3j [<£>]i(&) = [i^g (</?)] i(&). 
2. [fC (1) (v?)]i(£;) = /or j > - We calculate 
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Ajfr) £>, j]i(*)(lc,<*o(*i - CjAzi)) k+1 *i -) = 

JCj z i ~ U 

If \z\ — Cj 5 i(ii)| > rj i(zi), then 

(Ci-c^ifr))* 4 " 1 



c, 



zi - Cl 



-<WCi) = o 



for every fc > 0. Therefore iZ^z) = 0, so by Lemma ETJO = [i\~j^(y?)]i(fc). 

3. [ Kj 1 ^ {}p) , j] 1 (A;) = /or j > - By direct computation, using Lemma [4. 5 \ we have 

[K] l v,j]i(o = ^(^i)E^^ii( fc ) / . {Ci-c J)l {h) k+ \Ci-c hl {h)r l - l dm 1 {Ci) = 



£i>0 



^. [iCmV, = 0ifm^j- By step 2, if m (z) = if 1^ - c mA (zi)\ > r mA (zi), so in particular 
if Zi G ^(c^i^i), Tj t \(z\f) with j 7^ m, we have H(z) = 0. By Lemma [3. 4[ it follows that 

[KW(ip)Mk) = 

if m 7^ j and m^O. 

If m = 0, we notice that, if \zi\ < r, 



k>0 

and 



H{z) = Ao^lMk) f ^—d mi (Ci) 



^ -dm!(Ci) = 



'Co z l _ Cl 

for every fc, as \zi\ < r < |d|. So H(z) = and by Lemma [3731 we have that [Kq ((f) , j] 1 (k) = for 
every k. M 



Corollary 4.7. Let ip G t/iere are ipx, ...,<p n , all in U c (D n \Z) and such that 

V? = V?i H \-<p n , Mi < ra, V j = 1, ...jiVi, [v?i]i = [v?i, j]i = 0. 

Proof: We set p> 1 := <p — K^cp and we notice that [<fi]i = 0, [cpi, j}i = for every j — 1, • - • , iVi. 

Now, we can repeat this procedure replacing Z\ by Z2 and by ZO 1 )^) ; we will apply then 
the operators K m , defined with respect to the variable z%, with the relative coronas. 
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We set if 2 '■= K^if — K^'K^'ip with the property that [^2] 2 = 0, [</?2,i]2 = for every j = 
1,...,JV 2 . 

Iterating the algorithm we set ip n -\ := K < - n ~ 2 ' ) ■ ■ ■ K^if — K^ 1 ^ ■ ■ ■ K^if and 

lf n := if - if 1 - ■ ■ ■ - (fn-1- 

By an easy recursion we have 

Vn = K {n - 1] ■ ■ ■ K w f 

with, of course f = fi + ■ ■ ■ + ip n . 

So finally we find a decomposition if = f \ + ■ ■ ■ + ip n such that, for i < n, we have [<fj\i = 
0, [<Pi,j)i = for every j = 1, • • • , AT,-. ■ 

We have a first result on solvability of the Cauchy-Riemann equation with some control on the 
support of the solution. 

Theorem 4.8. Let f G 0(B n ) be a holomorphic function in a neighbourhood of the closed unit 
polydisc in C n and set Z = / _1 (0). If u is a (0, n)-form in L r c (3 n \ Z), then for every k GN we can 
find a (0, n — l)-form i] G Z/'(O n ) such that f~ k i] G L r (3 n ) and all the coefficients of rj but at most 
one are in L r c (D n \ Z); moreover, rj is such that drj = u>. 

Proof: We write 

uj = (pdz\ A ■ ■ ■ A dz n 
and apply the result of Corollary I4.7I to f~ k <fi. We get 

f- k <f) = (f>i + ... + (f> n 

and = [4>i, h]i = for i = 1, . . . , n — 1 and h = 1, . . . , iVj. Therefore, by Lemma 13.21 the 
functions 

Fi = <pi *i , ... , F n _i = n _i -k n -\ 

are compactly supported in D n \ Z. However, for 

1 



TXZ n 

we only know that F n G L r (D n ). We note that 

d( Fl dh + ... + F n di n ) = r\ 

therefore we define 

v = f k (F 1 di 1 + ... + F n di n ) 

and we have 

d v = fd^dh + ... + F n di n ) = 

It is easy to see that 77 satisfies all the requests of the theorem. 
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5 Obstructions to a solution with compact support 

Let us define the two quantities which tell us when the last term in the decomposition from 
Corollary 14. 71 verifies also 

Vj = 1, N n , [(f n ] n = 0, {(p n ,j}n = 0. 

We note that 

<p n =K {n ~ 1) ---K^ip 

and, more precisely, we have 

iV n -i JVi 
m„_i=0 rrti=0 

We set 

M n _x := {(m 1; m n _i) :: m, < N 3 } C N n_1 ; 

fi = (mi, m n _i) G M n _i, !(//) := {k < n - 1 :: m k = 0}, / = Z n _i) G N n_1 

and 



w*m -hi** n * nw <:^ ^ 



where 



Cfe,jfe(2,C) = Ch,k(zi, ■■■ ,Zk-x,(k+i, ■■■ ,Cn) l<k<n 

Ch,l(z,() = C M (C 2 , • • • , Cn) 

C) = c h,n( z l, z n-l) ■ 

and the same notation is used for 1^0')^ qO^')- We have the link : 

Theorem 5.1. // J$(tp) = for every \i G M n _i and Z G N n , then [ip n ] n = ; given also 

j = 1, JV n , i/ Jjjj (V 7 ) = f or ever V A 4 e anrf Z e ^ en [Vn, j]n = 0. 

Proof: By direct calculation, using the series expansions given by Lemma 14. 5\ we have that 



[^ fc) (^),m] M . 1 (fc) = -^i c( „(^)E^ / 77 — — x fc+1 ^i(a + i) 
[xf ) (V'),H^i(fc) = 1 4" ) V)(^)E^- c ^)' +1 / I^ffl , fc+1 <wc 
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Therefore, by induction, we obtain that 

[^t 1 1) "-^]n(in) = 

n— 1 

n v^*) e n ^Xuw 

i=l ie/(/*) £'sN n_1 ie/(/i) 

and 

[^t; ) ---^;v,j]»(i») = 

n^s n ^«(^) e n ^w<«- 

i=l i€/(» i'eN™- 1 

So, if jffi(4>) = Ja}(<f>) = 0, all the coefficients vanish, then 

[0n]n(*O = O [0n,j]n(fc) =0 

as we wanted. ■ 



Definition 5.2. We shall say that ip G L r c (Ti) n \Z) verifies the structure conditions if J^}(ip) = 
for every \i G M n _i and I G N n , and if jj?}((p) = /or every \i G M n _i and I G N n . 



6 The polydisc - q = n 

As for now, we don't have a way to deal with the integrals jjff(k) on the domain D n \ Z, so we 
turn to the much easier case of the polydisc itself. We look first at the problem for (0,n)-forms. 
Let w be a (0,n)— form with L T c (D n ) coefficients; we can find a function (p G L r c (D n ) such that 

uj = <fdzi A • • • A dz n . 

In this case, the operators coincide with the outer corona components K^ m \ so the obstructions 
to a solution of compact support are given by the integrals Jq°/(/c), where the subscript stands 
for a multi-index of the appropriate length containing only 0s. We have the following result. 

Lemma 6.1. If there is a current T with compact support in D n such that dT = u, then we have 

V/GN"- 1 , Vj = l,...,N n , J$(<p) = 0, 
i. e. p> verifies the structure conditions for the polydisc. 

Proof: Let {p e } C £>(C n ) be a family of functions such that p t — > o~ , when e — > 0, in the sense of 
distributions, with suppp e C {\z\ < e} and ||p e ||i = 1. 
We write 

T = Tidzi + . . . + T n dz n 
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so we have 

if = dxTt + ... + d n T n = h + . . . + t n 
where, obviously, every is compactly supported in D n . 
We set T^ = T h -k p e E T>(C n ); by standard theorems on convolution, 

supp(T^) C {z | dist(z, suppT h ) < e} 

so, for e small enough, all the regularized functions are compactly supported in D n and 

dhXh = th* Pe = t e h ■ 

By Lemma [3.21 we have that 

K]h(k) = 

for every k G N and h = 1, . . . , n. 
Moreover, we have that 

ip e = <p*p e = tl + ... + t e n 

and if 6 — > ip in U as e — > 0. 

As if and ip e are compactly supported in D n , for e small enough, we can see them as continuous 
functionals on L^ oc (D n ) (where q~ x + r^ 1 = 1). The convergence (p e —±(p holds also in this sense. 
The functions YYi=i are m Ly oc (H> n ) for every I G N™^ 1 , fceN; therefore 

Now, consider t e h , with h < n — 1; we know that = 0> f° r every / so we can apply Fubini and 

get 

n J £ n i=i 

- n I c;n# / ^(OcN^i(a)^n-i(a) = 

7T 7r.n-i f * Jr. 



1 



7T 



-n 



n 

CiIICf i [Wfc) d "*»-i(Ck) = o; 



If /i = n, it is again an application of Fubini's theorem to show that JQ°i{t e n ){k) = 0. 

By additivity of the integral, it follows that jff ((p e )(k) = 0, so letting e — > we obtain the thesis. 
■ 

Theorem 6.2. If u is a (0,n)-form in L r c (3 n ) such that there is a (0, n — 1) current T, compactly 
supported in © n , such that dT = to, then we can find a (p,n — l)-form rj G L r c {B> n ) such that dr] = to. 
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Proof: By Corollary 14.71 we can write (p = tpi + . . . + ip n and, by Lemma [3. 2 [ the convolutions 

t 1 t 1 

Jl — <Pl *1 ) • • • j J n-1 — fn-l *n-l 



are compactly supported and 

dlfl + • • • + 9 n _ X / n _! = tpi + . . . + = if - (fir, 



Moreover, by Lemma [6.1[ <f> satisfies the structure conditions, then, by Theorem 15. 1[ [(f) n } n (k) = 
for every k G N. So, also 

, _ 1 

Jn 



s n 

TTZn 



is compactly supported, always by Lemma EL 
We set 

n 

V = E< 1)' ; .///:, 

3=1 

so that 

dr] = ipdz 

and the coefficients of r\ belong to L r c (3 n ). ■ 

Remark 6.3. We have that \\fj\\ r < T 1 1 ^ 1 1 r- j where 7 depens only on the dimension n and on the 
radii ofW. We recall that ||^ w) 0||r < 4)M||0|| r , so \\fj\\ r < (A M + l) J 7||0|| r ; this means that 
the linear operator associating to 00 the solution t] is linear and bounded from L r c to L r c . 



7 The polydisc - q = n — 1 

We turn our attention to (0, n — 1)— forms. Firstly, we give a refined version of Lemma [6.11 

Proposition 7.1. Suppose ip G L r (C") and T\,... , T n _ x are distributions, compactly supported in 
B n , such that 

¥ > = d 1 T 1 + ... + d n _iT n _ 1 . 

Then we can find tp\, . . . , tp n -i G L r (C n ), compactly supported in P such that tp = ifi + . . . + <p n -i 
and [(fii}i(k)0, for every k G N. 

Proof: After performing the same regularization as in the proof of Lemma 16. 1[ we have 

n-1 

f£(C)a(C»)n# dm »(0 = O 
i=i 

for every a(( n ) for which the integral is well-defined (e.g. a G L 1 ). This is because h ranges from 
1 to n — 1, so we can isolate the terms employing only the functions which appear in the 

product. 
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vanishes for a.e. z„ and the same is true for the function 




n-l 

v e (o n tf dm »&) 

i 



and, letting e — >■ 0, also for 



„ n-l 

71 Jc"- 1 i=1 




so defining <£> 1; . . . , <£> n _2 as in Corollary 14.71 and setting = V 9 — Vi ~ ■ ■ ■ ~ ¥n-2 we have that 



The following corollary is immediate. 

Corollary 7.2. Given u> as before and a current T, compactly supported in D n such that dT = u>, 
with 



T = Tidix + . . . + Tn-xdZn-i , 

we can find r\ with L r (C n ) coefficients, compactly supported in D n , such that dt] = u and with 



Remark 7.3. Obviously, we can suppose that the coefficient of dz^ in T is zero and obtain that 
there exists a solution with coefficients in L r (C n ) with compact support in 3 n where the coefficient 



By induction, we can show that if there exists a solution with the coefficients of dz^ , . . . , dZk T equal 
to zero, then we can produce a solution in U with the same vanishing coefficients. 

We note that the construction of (pi, . . . ,(p n -i doesn't involve the n— th coordinate, so, d n (p and 
d n (pj share the same regularity, whatever it is. 

Theorem 7.4. If uj is a (0, n — I) -form in U c (JB> n ), dtu = 0, such that d n oj n £ L r , then we can find 
a (0, n - 2) -form £ U c (W l ) such that dp = u. 

Proof: We proceed by induction on n; the case n = 2 is true. If there exists a distribution T with 
compact support such that dT = u, then, by Corollary 17.21 we have 



[^i]^^) = 0) as requested. 



77 = rjidz! + . . . + rjn-idz, 



■n—l 



of dzk is zero. 



n-l 




with co n j £ U and [u> n j]j(k) = 0. 
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We consider the following family of compactly supported (0, n — 2)— forms in C n 1 , depending on 
the parameter z n : 



Note that, as ip Zn is thought as a form in C n_1 , the notation dzj has to be understood as the exterior 
product of the differentials dz\, . . . , dz n -i, with dzj missing. 
Now, we have that 

(di) Zn ) A dz n = du = 
where d' operates in the first n — 1 coordinates. We note that 

belongs to L r (C n ) for almost all 2 n . By inductive hypothesis, we can solve 9 £ 2n = ip Zn with compact 
support (and the result will be in L r (C n )). 

We have <9(£ 2n A dz n ) = ip Zn A dz n ; we define a (0, n — 2)— form in C n with 



n— 1 | 



n-1 

-l) i-1 a; ni *j- 
i=i 3 

So we have 

9 7 = u n dz n + V(-l) n+J - 2 ^ — ; 

therefore 

The form 7 + £ 2n A dz„ has compact support and belongs to L r (C n ). ■ 

8 The polydisc - 1 < q < n — 1 

Let w be a generic (0, q)— form and let us write 

| J|=n— g 

We restate here the condition (*) given in the introduction 

(*) d jn _ q ---d Jk cujEL r (C n ) k = l,...,n-q, V \J\ = n - q . (8.1) 

Theorem 8.1. If uj is a (0,q)-form in L r c (3 n ), du = 0, fullfilling condition $8. then we can find 
a(0,q- I)- form /3 G L T C (W) such that d/3 = u. 



16 



Proof: Following Hormander [7, Chapter 2], we can write 

cu = g A dz n + h 

where g, h do not contain dz n . 

We can look at h as a family of (0,g)— forms in C™ -1 , depending on the complex parameter z n ; 

similarly, g can be understood as a family of (0, q — 1)— forms. 

We denote by c?c»-i the d operator in the first n — 1 variables, that is 

C n-iV> = 22 dk4>idz k A dzj . 

n£/ fc£i"U{n} 

If ip doesn't contain dz n , then dip = dcn-iip. 

We proceed by induction on the dimension and we prove the following: 
I n .l the statement of the theorem holds in C n and (3 depends linearly on u>; 

I n .2 if the coefficients of u depend on a parameter z n+ i G C in such a way that u, du G L r c (C n+1 ), 
then also (3, d(3 G L r c (C n+1 ), where the d is intended in n + 1 variables. 

We note that I2.1 and /2-2 hold. We assume J n _i.l and 7 n _i.2 to hold. 

Reduction. We note that d^n-iti = 0; therefore, /i is a family of 9— closed (0, g)— forms in C™ -1 
depending on the parameter z n . Moreover, by assumption, d n hj G L^(C n ). We denote by U t the 
(n — 1)— dimensional open set D n PI {z n = t} and we note that U t is still a polydisc, hence Stein, for 
every t for which it is non-empty. 

As a well known consequence of Serre's duality (see [17| ) we have H^(U t , O) = 0, if 2 < q < n — 2; 
therefore we can find a family T of (0, q — 1)— currents in C n_1 such that c^-iT = /i for almost 
every z n . Then, by J n _i.2, we can find a family if with if G L^(© n ) (and therefore if Zri G L r c (U Zn ) 
for almost every 2 n ) and with <9ii G L r c (C n ). 

Moreover, as H Zn depends linearly on h by I n -i.l, if h Zn = 0, then also H Zn = 0. Therefore, H is 

compactly supported in P. 

Now, 

<9ii = d C n-iH + ^ d n Ridz n A <iz/ = h + ^ d n Hidz n A c?^/ 

so 

w — <9ii = g' A dz n 

where does not contain dz n . Moreover, as u and dH are in L r c (V> n ), also is. Further, we observe 
that 

(d C n-ig') A dz n = d{u - OH) = du = 
and finally, for z n fixed, g' is a(0, q — 2)— form in C n_1 , fullfilling condition (18. ip . 

Solution. We have reduced ourselves to solve dG — g' A dz n , but as dcn-ig' = 0, we can, by 
the same argument used in the reduction, obtain a family G' of (0, q — 2) forms in C n_1 such that 
d c ^G' = g',hy I n ^.2. 
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Again, by the same reasoning, G' £ L r c (D n ) and if we set G = G' A dz n , we obtain a (0, q — 1)— form 
G £ L r c (W) such that dG = g' A dz n . 

So, (3 = G + H is the solution we looked for. This shows I n .l. 

To show J n .2 it is enough to notice that all our operations are constructive and preserve the regularity 
(or summability) of an extra parameter. ■ 



Remark 8.2. We have to separate the case of (0, n — 1) -forms from the general case because in that 
case Serre's duality tells us only that LI™~ x {U t ,0} is equal to the topological dual of H°(U t ,fl n ^ 1 ) , 
in general not vanishing, so the induction doesn't work there. 

Remark 8.3. We note that, in the proof of Theorem \8.1\ we never actually used the fact that our 
domain is the polydisc. Indeed, if we had the analogues of Theorems \6.S\ and 7.4\ for the domain 



]) n \Z in every dimension, then we could apply the same proof to get Theorem \8.1\ for D n \ Z , with 
exactly the same statement. 

As a corollary of the previous results, we obtain the following. 

Corollary 8.4. Let u be a (0, q)—form with compact support in V> n \Z and satisfying conditions \8.1l 
then, for any k £ N, we can find a (0, q — l)—form (3 £ L r c (3 n ) such that d(f k (3) = u. Equivalently, 
we can find a (0,q — l)—form r\ = f k (3 such that r\ £ L r c (3 n ), 77 is on Z up to order k and di] = oj. 

Proof: The (0,q)— form := u/f k is still d— closed and satisfies I8.lt hence we have a (0,q — 
1)— form (5 £ L r c {p n ) such that (9/3 = 0. So rj = f k j3 verifies all the requirements. ■ 
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